The interplay between the quadrupole-quadrupole and spin-orbit interactions in nuclei is analyzed in an SU͑3͒ basis. Results for two ds-shell nuclei 20 Ne and 22 Ne and one f p-shell nucleus 44 Ti are considered for realistic values of the strength parameters of these two interactions. The ground state band is built from the Sϭ0 leading irreducible representation ͑irrep͒, which mixes strongly with the leading Sϭ1 irreps in the proton and neutron subspaces. The quadrupole-quadrupole interaction is found to give dominant weights to the ''stretched'' coupled representations, which supports a strong truncation of the Hilbert space. ͓S0556-2813͑98͒06309-2͔
I. INTRODUCTION
The SU͑3͒ shell model ͓1͔ has been successfully applied to the description of the properties of light nuclei, where a harmonic oscillator mean field and a residual quadrupolequadrupole interaction can be used to describe dominant features of the nuclear spectra.
The pseudo-SU͑3͒ model ͓2͔ extends the theory to heavy deformed nuclei: The pseudotheory incorporates a formal exclusion of the unique parity intruder state and maps the valence normal parity states onto a pseudospace with negligible spin-orbit interaction, thereby restoring the SU͑3͒ dynamical symmetry. While this model is powerful for describing the spectra and electromagnetic transitions in heavy deformed nuclei, there are situations in which the intruder state must be taken into account explicitly. These include, for example, a description of the properties of members of the ground state band of many odd-odd nuclei, beta decays strengths, etc.
There have been previous attempts to explicitly include the spin-orbit force in an SU͑3͒ description of nuclei. The survival of rotational and SU͑3͒ bands under the influence of strong spin-orbit symmetry mixing has been discussed using the idea of embedded representations ͓3͔. Calculations that include pairing in addition to the spin-orbit interaction and symmetry-preserving quadrupole-quadrupole interactions are known to induce strong SU͑3͒ representation mixing ͓4͔.
In the last few years there have been some major developments that make rather extensive shell-model calculations feasible. For example, these range from complete calculations in the p f shell that include up to 2ϫ10 6 configurations ͓5͔ to SU͑3͒ calculations with realistic Hamiltonians that yield new insight into the role of the pairing interaction in inducing triaxiallity in open-shell nuclei ͓6͔. The SU͑3͒ results were made possible because of the development of a computer code that can be used to evaluate reduced matrix elements in a SU͑3͒ basis ͓7͔.
The importance quadrupole-quadrupole and spin-orbit interactions was studied in extensive shell-model calculations ͓8͔. The authors studied systems with four protons and four neutrons in the p f and sdg shells, and compared the mainly rotational spectra obtained in a full space diagonalization of the realistic KLS interaction ͓8͔ with those obtained in a truncated space and a Hamiltonian containing only quadrupole-quadrupole and spin-orbit interactions. They found that for realistic values of the parameter strengths the overlap between the states obtained in the two calculations is always better than (0.95) 2 . They also found that while additional terms in the interaction change the spectrum, the wave functions remain nearly the same, suggesting that the differences can be accounted for in a perturbative way.
The truncation scheme proposed in ͓8͔ is appropriate for extensive shell-model calculations. The main goal of the present article is to work out a competitive truncation scheme suitable for calculations in an SU͑3͒ basis. In contrast with what was done in ͓4͔, in this work we analyze systems with both protons and neutrons and focus in the interplay of the quadrupole-quadrupole and spin-orbit interactions.
Results for two ds-shell nuclei
20
Ne and
22
Ne and one f p-shell nucleus 44 Ti are considered for realistic values of the two strength parameters. The ground state band is built from the Sϭ0 leading irreducible representation ͑irrep͒, and has a strong admixture of the leading Sϭ1 irreps in the proton and neutron subspaces. The quadrupole-quadrupole interaction is found to give dominant weights to the ''stretched'' coupled representations, which provides justification for a strong truncation of the Hilbert space.
II. MODEL
The Hamiltonian used in this study has the simple form
where
is the total mass quadrupole operator, which is just the sum of the proton () and neutron () mass quadrupole terms, and l ជ i and s ជ i are the orbital angular momentum and spin of the ith nucleon, respectively. This Hamiltonian can be improved with the addition of diagonal terms in the SU͑3͒ basis. Such terms must be included, as well as others like pairing which also introduce strong mixing between SU͑3͒ irreps, if details of the spectra and electromagnetic transition strengths are to be reproduced ͓9,10͔. An isovector quadrupole-quadrupole mode was found useful in the description of the so-called scissors mode in heavy nuclei ͓10͔. However, in this study we will focus only in the interplay between the two terms of Hamiltonian ͑1͒.
The many-particle states of n ␣ nucleons in shell ␣ , ␣ ϭ or , belong to the totally antisymmetric irrep ͕1 n ␣ ͖ of the unitary group in ⍀ ␣ N ϭ( ␣ ϩ1)( ␣ ϩ2) dimensions, which is also the size of the ␣th single-particle space. Other basis labels follow from subgroups of the unitary group. A complete classification of the states can be defined by the following chains of groups:
where above each group the quantum numbers that characterize its irreps are given and the ␥ ␣ and K ␣ are multiplicity labels of the indicated reductions. In the above expression the LS-coupling scheme is used and the following relations between its quantum numbers are satisfied:
͑4͒
Equation ͑3͒ applies to the proton and neutron bases separately, and these can be coupled in angular momentum to obtain the so-called ''weak-coupled basis.'' However, we found that for the purpose of the present work it is more useful to use the ''strong-coupled basis,'' i.e., a basis where the proton and neutron SU͑3͒ irreps are coupled to a total SU͑3͒ irrep. In this case the basis states look like
͑5͒
There are two multiplicity labels: counts the number of times the irrep (,) occurs in the direct product ( , ) ( , ), and K classifies the different occurrences of the orbital angular momentum L in (,.) The eigenstates ͉⌿ ␣ ͘ of Hamiltonian ͑1͒ are written as linear combinations of these states:
III. SPIN-ORBIT INTERACTION
The quadrupole-quadrupole interaction is diagonal in the strong-coupled basis. It can be expressed in terms of Casimir operators of the group chain SU(3)ʛSO(3) as
where the expectation value of the second-order Casimir operator C 2 is ͗͑,͉͒C 2 ͉͑, ͒͘ϭ͑ ϩϩ3 ͒ ͑ ϩ ͒Ϫ.
An attractive quadrupole-quadrupole Hamiltonian classifies these basis states according to their C 2 values; the larger the C 2 , the lower the energy. In order to evaluate the matrix elements of the symmetry mixing spin-orbit interaction in the SU͑3͒ basis we expand it in terms of SU͑3͒ tensors. As shown in the Appendix, the spin-orbit operator can be written as
This simplifed form follows because for the one-body spin-orbit operator, which is an Lϭ1ϭS tensor, only the (,) SU͑3͒ tensor with ϭ1 gives a nonvanishing contribution ͓11͔, due to the fact that the orbital angular momentum operators l i are generators of the one-body SU͑3͒ algebra and the spin operators act in an independent space. Matrix elements of the spin-orbit interaction can be written as
͑9͒
In The coupling between SU͑3͒ states will be governed by these expressions. In first order, states with spin Sϭ0 ͑proton or neutron͒ will mix only with states with Sϭ1. Similarly, SU͑3͒ irreps (Ј,Ј) in the final state must be contained in the direct product (,) (1,1) for the matrix element to be nonzero. These selection rules will be seen in the examples.
IV. RESULTS

Results for two ds-shell nuclei 20
22
Ne and one f p-shell nucleus 44 Ti are presented in this section. Hamiltonian ͑1͒ was diagonalized in a complete SU͑3͒ basis for each nucleon type ͑proton and neutron͒. Although the number of configurations included is smaller than those reached at present in shell-model calculations in the so-called m scheme ͓5͔, they nonetheless imply considerable computational effort.
Realistic values for the spin-orbit strength parameter C are given in the second ͓14͔ and third ͓8͔ columns of Table I . They are close to 2 MeV for the three nuclei. In the present work C is varied from 0 to 4 MeV. The quadrupolequadrupole strength parameters were fixed for each of the three nuclei by adjusting to the excitation energy of the first 2 ϩ state without a spin-orbit interaction. These are listed in the fourth column of Table I . This way of fixing yields realistic excitation energies with our simple Hamiltonian ͑1͒, but the values obtained are sometimes too large. It has been shown ͓9,10͔ that a term proportional to J(Jϩ1) in the Hamiltonian can be used to fit the ground state moment of inertia with smaller values. Systematics in shell-model calculations suggest the parametrization ϭ28/A 5/3 ͓15͔. These values are presented in the fifth column of Table I . The differences are not large for 20 Ne and 22 Ne but for 44 Ti the selected is more than twice as large as the value recommended by systematics. The table also gives ratios C/ for values used in this work ͑column 6͒ and for those extracted from systematics ͑column 7͒. Given that, up to a global scaling, Hamiltonian ͑1͒ represents a one-parameter theory, the values of C which reproduce ''realistic'' ratios C/ are be- Ne and between 3 and 4 for 44 Ti. Table II shows all the proton and neutron irreps, with their spins, for two and four particles in shell 2 and for two particles in the shell 3. The expectation value of the secondorder Casimir operator C 2 is also listed. These are the proton and neutron irreps that are coupled to build the basis states. There are 60 different SU͑3͒ irreps in the complete space for 20 Ne, 275 for Mg ͑two protons and two neutrons in the sd shell͒ on the Sun UltraSparc workstation with 256 Mb of RAM that was available for this calculation. This limitation, though overly severe, emphasizes the need of having a realistic truncation scheme that takes the spin-orbit interaction into account.
As a general rule, with a pure quadrupole-quadrupole interaction the ground state band is built with the proton and neutron irreps which have the largest C 2 , coupled in the ''stretched'' representation, defined as ͑ , ͒ϭ͑ ϩ , ϩ ͒, and having spin S ϭS ϭSϭ0. From the previous discussion about the tensor properties of the spin-orbit interaction, one can anticipate that in the ground state band significant mixing will occur with states having spin Sϭ1 and S or S ϭ1. The quadrupole-quadrupole interaction will select those states with the largest C 2 .
Energies and main components of the wave functions (͉C i ␣ ͉ 2 larger than 5%͒ of the first eigenstates of Hamiltonian ͑1͒ with total angular momentum Jϭ0, 1, 2, 3, and 4 for different values of the spin-orbit strength C are presented in Table III . In each case the sum of percentages of all the listed components is given.
Without a spin-orbit interaction the ground state band is well represented by the state ͉(4,0) ,(4,0) ;(8,0);S ϭS ϭSϭ0͘. States with odd angular momentum lie at higher energies and are built as ͉(4,0) ,(4,0) ; (6,1); S ϭS ϭS ϭ0͘, ͉(4,0) ,(2,1) ; (6,1); S ϭ0,S ϭSϭ1͘, or ͉(2,1) ,(4,0) ; (6,1); S ϭ0,S ϭSϭ1͘ ͑degenerate with the other and not listed͒. For Cϭ2 a small amount of Sϭ1 is found in the ground state band. The states with Jϭ1 and 3 have an important mixing which is mainly between the three states listed above. For the extreme case Cϭ4 the ground state band is still dominated by the ͑8,0͒ irrep, but the states with Jϭ1 and 3 exhibit strong mixing. States with S ϭ1, S ϭ1, and Sϭ0,1,2 have some visible contribution. Notice that such a strong spin-orbit interaction is not able to produce noticeable contributions of the (0,2) proton or neutron irreps, which are not included in the (4,0) (1,1) direct product. Table IV shows similar results for   22 Ne. Having four neutrons, this nucleus has a richer Hilbert space than 20 Ne, including states with S ϭ2. The two most relevant states are ͉(4,0) ,(4,2) ;(8,2);S ϭS ϭSϭ0͘ and ͉(4,0) ,(5,0) ; (9,0);S ϭ0,S ϭSϭ1͘. The first one defines the ͑unper-turbed͒ ground state band, and the second is a low-lying spin-1 state, which a realistic Hamiltonian would push up in energy. For Cϭ2 these two states provide most of the lowlying wave functions for any angular momentum, while for Cϭ4 mixing with other spin one states with larger C 2 ͓͑2,1͒ for protons, ͑2,3͒ and ͑3,1͒ for neutrons͔ is significant. Note that these additional contributions are always in their stretched representations. Ne. There are four relevant states: ͉(6,0) ,(6,0) ;(12,0);S ϭS ϭSϭ0͘, ͉(6,0) , (6,0) ;(10,1);S ϭS ϭSϭ0͘, ͉(6,0) ,(4,1) ;(10,1);S ϭ0,S ϭSϭ1͘, and ͉(4,1) ,(6,0) ;(10,1);S ϭ0,S ϭS ϭ1͘ ͑not listed͒. Again the states with odd angular momentum lie higher in energy than those belonging to the ground state band. For Cϭ2 the mixing between these four states is the only relevant mixing, representing more than 70% for the worst case (Jϭ3) and more than 97% for Jϭ0. Even for Cϭ4 the ground state band is well described by these states, but for Jϭ1 and 3 other couplings have important contributions, as well as states with S ϭS ϭ1.
It is possible to extract a simple but important conclusion from what was presented here: the interplay between the quadrupole-quadrupole and spin-orbit forces can be well described within a strongly truncated Hilbert space. The space is spanned by the proton and neutron irreps with the largest C 2 values and Sϭ0 and 1, coupled to stretched representations, plus the coupled spin-0 irrep with the second largest C 2 . In the three examples presented here this truncated space is large enough to contain up to 70% of all wave functions and, in general, represents more than 90% for the ground state band.
V. COMPARISON WITH REALISTIC CALCULATIONS
Full shell-model calculations for sd-shell nuclei have been carried out for many years and have proved to be very successful in reproducing excitation spectra, electromagnetic transition strengths, and weak decay rates of these light systems. Full calculations for f p-shell nuclei are a more recent phenomenon. Our results will be compared with those presented in two articles in which SU͑3͒ components of calculated eigenstates are explicitly given.
In the first of these two articles ͓16͔ the shell model with a phenomenological effective interaction was applied to the TABLE II. Proton and neutron irreps for two and four particles in shell 2 and two particles in shell 3. Spins and C 2 expectation values of each irrep are also listed. 20 Ne energies and the main components ͑larger than 5%͒ of the wave functions of the first eigenstates of Hamiltonian ͑1͒ with total angular momentum Jϭ0, 1, 2, 3, and 4 for different values of the spin-orbit strength C ͑in MeV͒. In each case the sum of percentages of all the listed components is given. Mg, and 44 Ti using the so-called effective W interaction obtained by Wildenthal ͓18͔. Both papers present results in a spin-isospin formalism. To compare our work with these earlier calculations, we will refer to the total irrep and not differentiate the proton-neutron couplings they derive from. Table VI͑a͒ shows the dominant components of the first Jϭ0 and Jϭ1 states in 20 Ne. This nucleus has served for many years as a textbook example where the single SU͑3͒ irrep ͑8,0͒ is sufficient to describe the ground state band, as noted in ͓16͔. The state with Jϭ1 exhibits important mixing between the ͑6,1͒ irreps with Sϭ0 and Sϭ1. The most important contributions found in ͓17͔ are also present in comparable amounts in the eigenstates of Hamiltonian ͑1͒.
Results for
22
Ne are presented in Table VI͑b͒ . Modern shell-model calculations ͓17͔ exhibit more mixing of SU͑3͒ irreps than previous ones ͓16͔. The ground state band, often described as a pure ͑8,2͒ state, has important mixing with the spin 1 ͑9,0͒ irrep. The Jϭ1 state with dominant ͑6,3͒ Lϭ1, Sϭ0 components presented here is not the one listed in Table IV , because in our calculations the state with L ϭ0, Sϭ1 is lower in energy. This state mixes strongly with (7,1) Sϭ0 and others, in agreement with the shell-model results. 
Similar results are presented for 44 Ti in Table VII . Eigenstates of Hamiltonian ͑1͒ are given for spin-orbit strengths Cϭ2, 3, and 4 and compared with those found in ͓17͔. In this case the ground state band is nearly completely described by the irreps (12,0), Sϭ0 and (10,1), Sϭ1. In realistic calculations the (12,0) irrep accounts for 52% of the ground state. The Jϭ1 state has stronger fragmentation than Jϭ0, but still the irreps (10,1) with Sϭ0 and 1 have more than a 50% overlap with the realistic result ͓17͔. As was advanced in the discussion of the Hamiltonian parameters, in the case with Cϭ4 the wave functions are noticeably similar to those obtained in exact shell-model calculations.
In summary, for all three nuclei considered, those components found to be dominant in eigenstates of the simple quadrupole-quadrupole plus spin-orbit Hamiltonian are the ones that are most important in realistic shell-model calculations.
Realistic calculations have been performed for 20 Ne using the same SU͑3͒ basis we used here for the quadrupole plus spin-orbit Hamiltonian ͓9͔. The Hamiltonian included realistic single-particle energies, quadrupole-quadrupole and pairing forces, and two extra terms which are diagonal in the SU͑3͒ basis. The spectra and B(E2) values presented in Ref. Fig. 1 and 
͓9͔ ͑see
fixed at the value required to reproduce the energy of the first excited 2 ϩ state with the spin-orbit strength then varied to achieve a best fit to the experimental data.
A suggested truncation scheme emerges from the results: keeping only the proton and neutron irreps with the largest C 2 for spin 0 and 1 and coupling them to stretched representations yields a basis that has a large overlap with exact wave functions for reasonable values of the spin-orbit strength. It is possible to extend this truncated basis in a controlled way by adding more states with spin 0 and 1 with large C 2 values.
These results were compared with those obtained in realistic full shell-model calculations. The SU͑3͒ components of the Jϭ0 and 1 states were shown to be nearly the same as those obtained in our simple calculations. It is important to stress that, as pointed out in ͓8͔, our simple quadrupolequadrupole plus spin-orbit Hamiltonian is used for the purpose of testing and/or proving a basis truncation prescription. To give a realistic description of the spectra and decay modes of these nuclei requires other terms in the Hamiltonian. The point is that one can work with a realistic Hamiltonian in a truncated space and be confident that for low- lying energy states in rotational nuclei the wave functions will provide a good realization of more complete calculations.
This result has important consequences for heavy nuclei as well, extending to the pseudo-SU͑3͒ scheme which has been used to successfully describe the normal parity content of heavy deformed nuclei. Including the intruder states using the prescription described above will allow for realistic shellmodel calculations within a SU͑3͒ framework in heavy deformed nuclei, including explicitly the unique parity orbitals. 
